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1. Introduction

In a triangle, we can construct an inscribed circle (or in-circle). (See Figure 1) The
radius of the inscribed circle is determined by the side lengths of the triangle. In this
project, we are interested in finding the radii of inscribed circles of triangles formed by
points of a polygon.

Figure 1 (Triangle with a in-circle)

We will consider some easier case first, but not all polygons. So we will only consider
polygons that is a regular polygon with side length 1.

Firstly, we should define points in a regular polygon.

Definition 1.1.

Let n>3. Denote the vertices of a regular n-sided polygon with side length 1 by As,
Az, ..., Anin anti-clockwise direction. (See Figure 2).

Figure 2

Choosing any three points form a triangle and determine an inscribed circle. We
attempt to find the radii of these inscribed circles. The following definition gives the
name of the variables.

Definition 1.2.

Let n>3 and 11 <J<K<n penote rij as the radius of the inscribed circle of the
triangle AiAjAk.



Since rij is determined by the side lengths AiA;, AjAk and AiAx, we need to find their
lengths. The following definition is based on the symmetry that the length of AiA; is
determined by the difference between i and j.

Definition 1.3.
Let n>3 and 1S1<J<n et d=j=I Denote Iy as the length of AA;

Noticethatlp=0,lh=21and l; = I,_i.

The following result tells us the relation between the radius of the inscribed circle and
the side lengths of the triangle.

Lemma 1.4.
Let a, b, and c be the side lengths of a triangle and r is the radius of the inscribed circle.
r:\/(s—a)(s—b)(s—c) s arh+c
S , Where 2
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Proof. Since A = rs, we have S . By the Heron’s Formula, we have
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3. Conclusion and Analysis

Now, the cutting line can be found by only one simple formula. Therefore, we can substitute the
previous theorem.

Theorem 3.1. The general term of ri is

2 . (-Dm . (k-jm (k-i)m
rijk = —=SIn / Sin ] COS
smz 2n 2n 2n

Proof.

We find rijx by Lemma 1.4,
a=l-i=1,b=l,c=li

into the Heron’s Formula, then by sum-to-product, we obtain the desired result.





